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Also, since lim y, = B 
-

any e> 0. there exists a positive integer N2, such that 

-Be, for all n> N 

If N = max{ N.N then for n > N. 

-Ae and , -B«e 

Hence (, +,)-(4 + B) s|, -4+p, -Be+je=e, 
for all n> N 

Therefore, by definition, lim(x, + Y,) = A + B 

(ii) Proof of this part is similar to that of (i) and is left as an exercise for 
the students. 

(iii) We have - AB=*0,-B)+ B, - 4) 

sall-B+|p|=, -4 
Since the sequence {xn is convergent, it is bounded and there exists a 

positive number M, such that 

rnM, for all values of n. 

Then y- AB< My, -B+{8|+a}x, -4. (1) 
where a is any positive integer. 
Now, let e be any pre-assigned positive number, however small. Then 

can find two positive integers N, and N2 such that 

420. , for all n > N (2) 

and y, - B<for n> N2 (3) 
If N be any positive integer, greater than both N and N2, 

We have, from (1), (2) and (3), 

i.e, y, -AB<E, for all n> N 
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lim x,y, = AB 

Hence 
Note In the relation (1) we have taken (B+.) instcad of B; otherwise 

the incquation (2) fails for B= 0. 

BAynB, - 4)+ A(B-v,) 
By (iv) HereV Byn 

|4+|4||B-y, 
(1) 

Since lim y, = B#0, there exists a positive integer Ni, such that 

B-yl1 for n> N 

l-bol s1B-la Or, 

(2) of, 

From (1) and (2), 
,-4+14||B-y 

B 

(3) -4+4+2). B-l 

B 
where is a positive number 

Let e be a positive number, however small; then there exists positive 

numbers N2, N3 such that 

4) , for every n > N 

B efor every n (5) and 8-l + +4 for every n> N 
If N be a positive integer, greater than each of N, N2, N3.

then with the help of (3). (4) and (5), we have 

:=e, for every n 2 N. 
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Hence. 
lim A 

B provided B 2 0. 

1.21. llustrative Examples. 

Example1. If An12 3.4T n+1) 
then show that is a bounded monotonic increasing sequence, 

[C.P 1963, B.P 1984, 1994 
Solution: Here. x, = 

= 1- 
n+1 n+1 

n+1| 
similarly, X+| = 

n+2 

n+l n 
So. Xn+1-Xn * 

n+2 n+1 (n+ 1) (n+21, for all n eN 

Hencex,is a monotonic increasing sequence 

n 

Again, X0, since >0 
n+T 

Also X <1. for neN 
n+l 

Thus 0< x, <l 

So. the sequence x is bounded also. 

Hence the given sequence {x,} is monotonicallyincreasing and bounded 
Example 2. Show that the sequence x,, where 

converges. Find limx, 

Solution: Here, X, = 3-1 
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[G.P. with common ratio ;] 

lim , lim Now, 2n -

x0 lim" = 0, if |H<1] 
n 

2 

Hence lim{, andxis convergent. 

Example 3. Show that lim , = 1, where x, = n" . Hence prove 
n> 

that lim1+2? +3 ++n"=1 
n 

Solution : when n >l, n">1, 

. 

So, let n = 1+hn i.e. h =n" -1>0 

n=(1+h,=1+nh, +ntn -1)%, +t..+h,' [ Binomial Theorem] 

If we retain only the third term on the right hand side 

n>n-1,', ie. h n-1 

2 
or, <k- 

2 
lim- 

n n -1 
= 0. by a corollary of squeeze theorem lim , = 0 

n 
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Hence limn"=l 

second part is proved by using 
Cauchy's 

First theorem. 

3n 

Example4. 
If u = show that n} is monotonic increasina. 

[C.P 1997, 2006, 2008 

nd 

nt 

bounded 
above. Find its limit. 

3n 3+l=3--<3 for all neN. 

Solution: Here u, = n+l n+1 
n+1 

3 
Again u+1 =3-- n+2 

So, +1n -
3 >0, for all n eN 

+1 U, for aln 

Hence is monotonic increasing and bounded above. 

Now, lim u, = lim|3 
=3-0=3 

n- 

So, the limit of u, is 3. 

Example 5. Using definition of convergent sequence of real numbers show 

that the sequence converges to 0. [C.P 2005] 

Solution : Let e be any pre-assigned very small positive number. 

We have 
n 

<e, whenever n> 
n| 

If N be the greatest integer in, not exceeding it, i.e. N: 

then <e, when every u, 20 : 

Hence Convergesto0. 


