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lim +X, +***n =| 
Or, 

Note Converse of the above theorem is not true. For example consider 

the sequencex, where x, =(-1)". Here 

+2 ++X, = -1+1-1+1-... +(-1)n 

= 0 if n is even 

= -1 if n is odd. 

Since 0 as n>0o therefore 

lim- +X2 t+ Xn 
n- n 

But we see limx, = lim(-1)" does not exist as -1"is an oscillatory 

sequence. 

Cauchy's Second Theorem 

For any sequence of positive terms {x,if limx, = l then 

lim(xx ) =l 

Proof. Since every x, is positive we put 2, = logx,. 

Then lim z, = lim(logx,)=log| lim x, log function is continuous 

= logl 

So by Cauchy's First theorem, 

2 +*.+2 log 
lim 

n 

logx+logx2t*+logXa = log Or, 
n 
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or, lim log(x X,**,)"= logl 
-

log lim(x x x,)"= logl log function is continuous 
-

or, 

lim(x, x,x,) =l. 

Corollary If {x,} be a sequence of positive terms such that lim 
Xn 

= 

and > 0 then lim x" = l. 

Proof. We construct the sequence 

Xn-1 

={z where z = X and n 
Xn-1

Now each z >0 and limz, = lim = liml =1 

So, by above theorem, 

lim(2z,y* =l 
n* 

*XX2 n-1 

or, lim x =l. 
n 

1.17. An useful sequences definition of e 

To prove that the sequence {*,}, where x, =| is convergent. 

Proof: It will be enough to show that the given sequence is monotoni 

increasing and bounded above. 
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By the Binomial thcorem, we have 

-

=I+ 7-1) 1 nn-1Xn-2) 1 

2! n 
nn-1)(n-2)..321 1 

+ 
n 3 n! n" 

= 1+1+ 

(1) 

Replacingn by (n+ 1), we have, 

+1=1+1+ 

n+1) (2) 

From (1) and (2), we observe that : 

() the first two terms of x, and Xn+1 are equal, each being l 

(i) also+1 +1 1- and so on, thus except the first 
n+1 n n+1 n 

two terms, every term of x+1 is greater than the corresponding term of 

Xn 

(ii) x, involves (n +1) terms, while xq+ involves (n+2) terms and 
all the ternms are positive. 

Hence, X+1 2, for all n EN 

i.e. the sequence x is monotonic increasing 
Next, we note that x,, 22 for all n eN 

i.e. the sequence is bounded below, and 2 is a lower bound. 

Also, x, =1+1+ 

H 
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<1+1+ 

<1+1+ T 
-1 

sum of a G.P. series with common ratio 2 = 1+ -

= l+- - = 1+2-2"-l = 3 -2- <3

.e. A 3, for all n eN 

i.e. the sequence x, is bounded above. 

Hence the sequence {x, is bounded, for it is bounded both below and 

above. 
Since the sequence {x,is monotonic increasing and bounded, it is 

convergent. 
Since the above sequence is convergent, it converges to a limit, this limit- 

ing value is denoted bye 

ie. lim 1+ =e, where 2<e<3 

It should also be noted that e is a transcendental number. 

1.18. Cauchy Sequences. 

We can prove that a sequence is convergent without knowing its limit 
by using a criterion known as Cauchy's criterion. For this, we shall define 

a Cauchy sequence.

Definition: A sequence *nis called a Cauchy sequence, if corresponding
to any pre-assigned positive number e, however small, there exists a positive 

number , such that for n2 N, 

nsp-e for all positive integral values of p. 
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1 
Example: is a Cauchy sequence. 

Here. n+p a=n+p n1 
<e, for n>N, 

n 

and taking N>ior, the integral part of 
E 

Henceis a Cauchy sequence. 

1.19. Cauchy's General Principle of Convergence (Cauchy's criterion). 
A necessary and sufficient condition for the convergence of the seguence 

is that corresponding to any pre-assigned positive mumber e, however 

Small, there exists a positive integer N, such that for n> N 

n+p-X<e.for all positive integral values of p. 

Proof: Beyond the syllabus 

1.20. Limit Theorems on Sequences. 

If }and y»be two sequences, such that 
lim x, = A and limy, = B, 

n 

then () lim(x, + y,) = A+ B, 
n* 

(i) lim(x, -Y.) = A-B 
n 

(ii) lim(r,-y,) = A.B 

and (iv) linm(x, + y,)= provided B#0 

Proof: (i) Since lim x, = A 
n0 

given any ¬>0, there exists a positive integer Ni, such that 

-Ae for all n> N 


