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2,8Finite groups. 

A group 
(G, o) is said to be a 

finite 
group 

if G contains a as ifG contains n 

The 
onder of a finite group 

(G, o is the 
number 

of eleme 

(or 

Theorem 

2.8.1. If (G, o) be a 
finite 

group 
then in every row 

exactly onc 

elements 

of elements. 

order of the group 
G is 

denoted 
by o(G) 

or by |G). 

W 

of the 
composition 

table 
each 

element 
of G' appears 

exactly 

Proof. Let (C, o) be a 
finite group of order 

n and let a1, az,.. 

list of 
elements 

of G in the 
order in 

whicn tney 
appear in the 

the row of. 

Let us 
consider any 

arbitrary 
row of the table, say, the row af 

entries in the row are the 
elements a;oa1, 

a4o02,. ., a;oan. 

These all belong to G and no two of these are equal, because 

a,oa, 
a,0a, 

>a, 
= ag, by left 

cancellation

law. 

Since these are n in number, 
these are all the 

elements of Gi 

order. In other words, the row of elements is a 
permutation of th 

row 
and the 

leftmost 

column. 

ments of G. 

Therefore each element of G appears only once in the row of a, 

By similar arguments, 
each element of G appears exactly once in. 

column of the composition 
table. 

This completes the proof. 

Examples. 
Let S = {1,w, w} where w =1. Then S is an abelian group « 

respect to multiplication.

The composition table for the set is 

W w 

1 w 
w 

w 

w w 1 

w 1 w 

i) It appears from the table that the set S is closed under mult 

cation. 

(ii) Multiplication is associative on C and S is a subset of C. Therer 

multiplication is associative on 5.

ii) It appears from the row of 1 in the table that 1 is a left iden 
It appears from the column of 1 in the table that 1 is a right 10dent 

Therefore 1 is the identity element. 

iv) The inverse of 1 is 1, the inverse of w is w2, the inverse or 

w. Therefore the inverse of each element in S exists in S. here 
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(r) The table 

lication is comm 

he table is 
symmetric about the principal diagonal. Therefore 

a finite nun 
mutative on S. 

row (or colu Let 

) is an 

¬C2 

abelian 

= 

group. 

1}. S is the set of n distinct nth roots of unity. 

abelian group. 
Hence (S,.)is. 

et S= 
{1,t,-1, -i} 

an 

nents of G, Hen -1, -i} where i= 1. Then (S,.) is an abelian group. ments of G. 

tly once. 

be 
i)Let 21,22 E S. Then 

in the top 

2o ES. Then zf = 1,2=1. Clearly (z1.z2)" =1 and 

12 be on)20 ES. Therefore S is closed under multiplication. 
hen 

isimplies 

21.22 
E S. 

(i)Aultiph 

refore 
multiplication 

is associative on S. 
iplication is associative on the set C and S is a subset ofC. 

row of a. n e 

(ii)1 E S and 1.z = z.l = z tor all 2 in S. Therefore 1 is the identity 

because 
element. 

nts of G in Let Letz ¬ S. Then z" = 1.(^)= =1> E S, and 4.z = 

nts of G in so 
tation of the e= 1 for all z E S. Therefore is the inverse of z in S. 

he row of a Therefore multiplication is commutative on S. (v) Multiplication is commutative on the set C and S is a subset of 

actly once in ea Hence (S,) is an abelian group. 

ote. For each positive integer n, there exists an abelian group of order 

The group is (5,.) where S is the set of n distinct nth roots of unity.

For n 2, we have the abelian group ({1, -1},.). For n = 1, we have 

Delan grOup whe trivial group containing the single element 1. 

The set Zg, the classes of residues of integers modulo 3, forms an 

belian group with respect to +, addition (modulo 3). 

The elements of Z3 are 0,1,2. The composition table is 

0 0 1 2 

sed under multip i 

set of C. There) t appears from the table that the set is closed under +. 

)+ is associative. 
l is a left identi 
is a right ident lt appears from the table that Õ is a left identity as well as a right 

Lty.Therefore Õ is the identity element. 
the inverse of iv) The inverse of 0 is 0, the inverse of I is 2, the inverse of 2 is I. 

lherefore the inverse of each element belongs to the set. in S. 
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(v) The table is 
symmetric 

about 
the principal diagona 

+is commutative. 

Hence (Z3. +) is an 
abelian group. 

cipal diagonal 'The- 

ted by +. 

5. Let n EN. Then the set Z,n, the classes of residues of inten 

n, 
forms an 

abelian group 
with respect to 

addition (mod n 

Note. For each positive integer n there 
exists an abelian gro 

Note. The 
composition, 

addition 
modulo 3, is also denoted 

ers Mo 
(mod n). 

For n= 1, the group 1s the trivial 

n.
The group 

is (Z,n, +). For 

containing 
the single 

element 0. 

6. The set Zn, the classes of residues of integers modulo n 

commutative 
monoid with respest to., 

multiplication (mod n)" 

(Zn.) is not a group 
since 0 has no 

inverse. 

o 
(mod n). 

n 

6. 

When n is a composite 
number the set Zn 

- {0} is not cloSed. 

multiplication (mod n), because if n = Pg then p E Zn, / E 7 

P.=0 g Zn - {0}. 

For example, Ze- {0} is not closed under multiplication (n 

since 2.3 =õ. 

mo- 

When n is a prime, (Zn - {0},.) is a 
commutative groupof 

n -1. 
Note. The composition, multiplication (mod n) is also denoted 

7. Symmetric group Sn. 

Let S be the set of all permutations on the set {1,2,... , n}. 

Let us examine if S forms a group with respect to 'multiplicatis 

permutations' 

4) Let f.g be two permutations on the set {1,2,... , Tn. Then 

also a permutation on the set {1,2,... , n}. 
Thereforefe S, g¬ S> f.g ¬ S. 

(ii) A permutation on S is a bijective mapping from 

{1,2,..., n} onto itself and multiplication of two permutations 

composition of two bijective mappings. Since composition of may 

is associative, multiplication of permutations is also associative. 

(il) The identity permutation i = 

2 
2 n ES and 

(iv) Let fs0) S(2) f(n) 
n 

es. Then the permu 

n 

the identity element because i.f = fi = f for all f in S. 

2 
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( f(1) S(2) S(n) ES and g is the inverse of f since g.f = 
2 1 

=i. 

Multiplicatio is not commutative. For example, let 

3 -(1,2) -(3 2i:: )- (d.3) 

of each element exists in S. Thereforeth inverse 

Then f-9 # 9.j. 

Therefore (S,.) 15 a non-commutative group. This group is called the 

mmetric group of degree n and is denoted by S. 

ote. S is a non-commutative group for n > 3. 

Symmetric group S. 

Let S be the set of all permutations on the set {1,2,3}. The ele- 

ents of the set are po -(2 3.P1 23)= (1,2,3), Pa 

122)= (,3,2), Ps =(is2= (2,3), P4= 2 - a3), 
- i3) -(1.2). 
3 

The multiplication table is given below. 

P4 P5 Po Po P1 P2 
P2 

P3 

Po Po P1 P3 P4 P5 
Ps P3 P4 

P3 
P1 P1 P2 Po 

P2 P2 Po P1 P4 Ps 

P3 P3 P4 P5 Po P1 P2 

p1 P4 P4 P5 P3P2 Po P1 
P5| Ps P3 P4 P1 P2 Po 

lt appears from the table that the set S is closed under multiplication. 

A permutation on S is a bijective mapping from the set S onto it- 

Multiplication of permutations is the composition of two bijective 

Ppings. Since composition of mappings is associative, multiplication 
permutations is associative. 

The nverses of po, P1, P2, P3, P4, Ps are po, P2, P1, P3, P4, Ps respectively. 

t appears from the table that po is the identity element. 

ne multiplication table is not symmetric about the main diagonal. 

multiplication is not commutative. 
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Thus the set S forms a non-abelian group with respect to ml 

tion. The group is called the symmetric group of degree 3 and i 

by S3. The order of the group is 6. 

plane and p 
effects a pern 

onto 
itself. p is 

with respect to multiplication of permutations. The group is ca Let s 
Let ABCb 

alternating group of degree n and is denoted by An.An contaiymne 

den 

The set of all even permutations on the set {1,2,. . . ,n} forms 
symmetries of » 

i rotatior 

elements. 
Ti= rotatic 

In particular, Az is the alternating group of degree 3. It is the 
of all even permutations on the set {1,2,3. The elements of the r2 rotatie 

are 
a = reflecti 

1 2 3 -( 2 
2 

3 
3 
1 and n -( b= reflecti- 

3 1 2 reflecti. 
The order of the group is 3. Let o stanc 

Ti, boa T2 et 

Klein's 4-group. 
Let S.= {e, a, b, c} and let o be the binary composition defined he compositi 

by eoa = aoe = a, eob = boe = b, eoc = coe = c, eoe = aoa = b 

coc = e, aob = boa = c, aoc = coa = 6, boc = cob = a. 

Let S= 

|i 
The composition table is given below. 

T1 Ti 

ole a b c T2 T2 
a 

ee b 
b 

a e C b 
b b cc c e a 

cc b The six a 

commutative (S, o) is an abelian group of order 4. It is called Klein's 4-group 
is denoted by V.Klein was a German mathematician and V comes ote, The t 
the German word Viergruppe. the vertices.

An important property of the group is that every element of the gi 
is its own inverse. 

The three= 
vertices. 11. Symmetries of an equilateral triangle. 

Let S be the set of all points in a Euclidean space. (A line B a 

A space, a plane is a 2-space). An isometry of the space is a bijectio The dihes onto S that preserves distance between two points in S. 
The dihe 

iso 2. Symme A symmetry of a geometrical figure in a Euclidean space is an 150 that keeps the figure as a whole unchanged. Let us cc 
For example, let T be an equilateral triangle with its centrou 

a mmetries 


