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4. The sequence x+(-1'=12 5 
is bounded, for it 

Is bounded both above and below, the upper and the lower being 2, and 

respectively. 
ne sequence-1)".n={-1,2,-3.4,-5,6,. 

is not bounded, for it is 

bounded neither above nor below. 

,1_ is bounded, for 
6. The sequence 

n! 

SS1 for all n eN. 

1.8. Monotonic Sequence. 

(a) A sequence {x,n is said to be monotonic increasing (or, more 

correctly.monotonic non-decreasing), if x, S Xn+1 for all nEN. 

The sequence is strictly increasing, if Xn Xn+1 for every n EN. 

(b) A sequence x, is said to be montonic decreasing ( or, more cor- 

rectly, monotonic non-increasing), if x, 2Xn+1 for all n eN. 

The sequence is strictly decreasing, if x,> Xn+l , 
for all n E N. 

A sequence is said to be a montonic sequence, if it is either montonic 

increasing or, monotonic decreasing. Monotonic sequences are also called 

monotone sequences. 

Examples. 
1. The sequence n={1,2,3,.. is montonically increasing 

2. The sequence2" -1={1,3,7,15,24,..is monotonically increasing. 

3. The sequence .is monotonically decreasing 

4. The sequence -1)={1-1, 1-l.. is neither montonically increas- 

ing, or, monotonically decreasing. 

So,(-1 is not a monotonic sequence. 
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1.9. Limit of a Sequence. 
We shall explain the idea of the limit of a sequence by an example. 
Let us consider the sequence {xn, where x,= 

n 

Putting n=1,10, 100, 1000,.., the successively the respective terms 
of the sequence are found to be 1,0.1,0.01, 0.001,. 

It is observed that as n increases, steadily decreases, but always 
remains positive. For sufficiently large values of n, the differences of xn 
from 0 become smaller and smaller and we can make this difference 
less than any pre-assigned positive quantity, however small, by making n 

suitably large. For example, if we like to make the difference less than 
0.00000001, n should be made greater than 10°. Thus the value of x, can 
be made as close to 0 as we like by taking n sufficiently large, or, we 

notice that the values of x, appoach 0, for very large values of n 

Such a situation is symbolically expressed as 

Xn0, as nc, or, lim x, =0 

Here, the number 0 is called the limiting value or limit of the infinite 

sequence. 
Thus, we have the formal definition of the limit of an infinite 

sequence. 

dn infinite sequence n is said to have a finite imit 1, if for any 

preassignedpositive number e, however small, there corresponds a positive 

integer N, such that, -|<e,for n> N. 

This state of affairs is expressed as limx, =l. 

Note : The symbol n 0o means that n takes up successively an end- 

less series of integral values which ultimately become and remain greater 

than any arbitrarily large assigned positive integer. 

Examplel. Find the limit of the sequence as n 00. 

We observe that , here 0<E, for n< 
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Taking N=- or, the integral part of e, when e is a fraction, we may 

E 

write o<e. if n2 N 

Therefore, lim- 0 

1,- 
Example.2. Show that limx, = 1, where X =+ n 

If e>0 be any number,x, -1=|1+.-1-se, ifn>! 

If Mbe a positive integer >, then , - |<E, for all n2 M 

Hence, x = l 

1.10. Convergent Sequence. 

An infinite sequence xis said to be convergent if the sequence 

has a finit limit I i.e, if corresponding to any arbitrary small positive 

number e, we can find a positive integer N, depending on ¬, such that 

-<E, for n2 N 

1.e,-e< X, </+ E, when n 2 N 

We say x,converges to this limit I. It is written as 

lim x, = l 

n 

in above inequality 'n2 N' could be replaced by the inequality 'n>N' 

Example. The sequencex, where x, = 2 is convergent. 

Here, -- 
Let, e> 0 be given. 

Then x,-2<e, ife or, 2" 

log 
Now, 2" gives nlog 2 > log i.e. n> log2 E 

log 
E if Mbe a positive integer 2 

log2 
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thus 2 <e, for n2 M 

Hence limx, = 2 

Thus the sequencex,is convergent and converges to 2. 

Note: The limit of a sequence may or may not be a term of the sequence. 

For, the convergent sequence1 has the limit 0, but 

no term of the sequence is 0. 

Again, let us consider the sequence,, where n when n is 

odd, and x, = 0, when n is even. 

So the sequence is1,0,0, 
Obviously. this sequence is convergent and converges to the limit 0, 

which is equal to all even terms of sequence. 

Note. It is obvious that lim Xn 4 m 

1.11. Non-Covergent Sequence. 

A sequence xis said diverge to 4o0, if for any number G, however 

large, is assigned, there corresponds a positive integer N, such thatx, >G, 

for all n>N. 
This situation is expressed symbolically as limx, = o 

-
. 

In this case, the sequence is called divergent. 
It should be noted in this connection that oo is no number, it is a symbol 

to denote a large positive number, greater than the greatest positive number 

one can imagine. 

A sequence x,is said to diverge to-oo , if when any number g 

whatever is assigned, there always exists a positive integer N, such that 

ng, for all n2 N 

and we write lim x, = -00 

Here, g is generally chosen a negative number, large in absolute value. 

Divergent Sequence: A sequence which diverges to either +o0 or -o , is 

said to be a divergent sequence. 
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O-DIVergent sequence: A sequence which diverges to neither to, nor 

-00 is said to be a non-divergent sequence 

Example 1. The sequence {2"={2,4,8,16,32,. diverges to +o 

Example 2. The sequence-n{-1-4,-9,-16,.., diverges to -o 

Example 3. The sequence{(-1)".n={-12,-34,-,.- 

neither diverges to t0 nor diverges to -0. 

1.12. Oscillatory sequence. 

A sequence which is neither convergent, nor divergent, 1s called an 

Oscillatory sequence 
A sequence is said to oscillate finietely, if 

(i) it is bounded, 

ii) it neither converges, nor diverges. 
A sequence is said to oscillate infinietely,if 

1) it is not bounded and 

(ii) it neither converges, nor diverges. 

Allernatively, in an oscillatory sequence x, if there exists real constant 

E, Such that ,<e for all n eN, then the sequence is said to ascillate 

finitely; otherwise it is said to oscillate infinitely. 

Examples 
1. The sequence1+(-1y={0,2,0,2,0,2. oscillates finitely. 

2. The sequence-1)".n={-1,2,-3,4,-5,6,.. oscillates infinitely. 

1.13. Bernoulli's Inequality. 

For every positive integer n 2 2 and 1+ p>0, (1+p)">1+np 

Proof: We shall adopt the method of mathematical induction to establish 

the result. 

We notice that when n=2, 

(1+p) = 1+2p+p' >1+2p, sincep* >0 

Thus the inequality holds for n =2. 


