
SEQUENCE OF REAL NUMBERS 
1.1 Introduction. 

The concept of limit forms the basis of Calculus and distinguishes it 

from Algebra. The idea of the limit of a sequence, bounds of a sequence, 
limit of the sequence of partial sums of an infinite series plays an important 
part in Mathematical Analysis. The nature and properties of infinite se- 

quence of real numbers will be discussed in this chapter. And a detailed 

discussion on the convergence of infinite series will be taken up in the 

subsequent chapter. Since we are concerned with sequence or series oI 
real numbers, let us begin with the set of real numbers and its bounds. 
1.2. Set of real numbers: 

A set of real numbers is a collection of real numbers defined by some 
specific law or rule, such that given any real number wlhat so ever, one can 
determine unambiguously whether that real number belongs to the set or 

does not belong to the set. 
The individual numbers belonging to a set are called members or ele- 

ments of the set. 
Sets are usually denoted by capital letters A,B,S, 7X etc, while small 

letters a,b, c.p.q.r.s,. are used to indicate the members of a set. 
Ifa be an element of the set A, then we write a eE A; it, on the other 

hand, b is not an element of the set S, we write b ES. 
A set can be described by listing all the elements of set within braces, 

such as A = {a,b,c,d} 

A set can also be described by the property P of the elements; for 

example, the set of real numbers greater than 4 and less than 10 an be 

written aS 

S={x:4 <x< 10, x eR} 

Examples.
1. The set of natural numbers N={1,2,3,4,5,... 

2. The set of integers Z={.,-5,-4,-3,-2,-1,0,1.,2,3,... 

3. The set of all integers greater than 7, A = {8,9,10,.. 

This may also written as A = {x:xeNand x> 7 

4. The set B={4,7,10,13,..or, B={3r+ 1, x eN} 
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5. The set S= {5,6,7,8,9 

or. S={x:x EN and 4 <r<10} 
6. The set X = {x:r eNand3 <x <4 is an emply, or mull set, denoted 

by 
7. The setA={xx +x +1 =0,xeR 

or, 
= {x, where x is real root of x* +X+l =0} Is also a null set 

A set is said to be finite, if it is empty or contains a finite number of 

elements; otherwise, a set is infinite. The sets defined in examples 5.6.7 

are finite, while the sets in examples 1,2,3,4 are infinite. 

1.3. Greatest and least members of a set. 

A number L is the greatest menmber of a set S of real numbers, if 

(i) L is itself a member of S i.e, L eS and 

(i) L2 x , 
where x is any element of the set S. 

Similarly, l is the least member of a set S of real numbers, if 

i)lis a member of S, i.e. I ES 

and (ii) Iax, where x is any member of the set S. 

Examples: 
1. In the set of natural members {1,2,3,...,..., I is the least member, but 

it has no greatest member. 

. 1 1 1 
2. For the sequence ,., i is the greatest member, but it has 

no least member. 

3. For the set of numbers (4,5,6,7,8,9, 10,11,4 is the least member, while 

11 is the greatest member. 

1.4. Bounds of a set: 

Definitions. 
1. given a set S of real numbers, if there exists a number G such that 

xSG, for every member x of S, then we say that set S is bounded above 
and G is an upper bound, or, a rough upper bound of the set. 

IfG is an upper bound of a set S, then any number greater than G is also 

an upper bound of the set. Thus, if a set is bounded above, it may have an 

infinite number of upper bounds. Of all these upper bounds, the least one, 

say,M, is called the exact upper bound, or the least upper bound or, the 

supremum, or, the upper bound of the set. 
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2. If there exists a number g, such that x2g, for any member x of the set 

S, thus the set is bounded below and g is called a lower bound or, a roug 

lower bound of the set. 
The greatest m of all the lower bounds is called the greatest lower bound 
or, the exact lower bound or, the infimuni, or simply the lower bound of the 

set. 

1.5. Neighbourhood of a Point : Points of Accumulation 
1. Let, be a real number ande be an arbitrary positive number. Then 

the set of real numbers lying in the open interval (-E�t is called an 

E-neighbourhood of . 
It may be noted that for each separate choice of the arbitrary positive 

number E, we may form a separate neighbourhood of the number 

X X 
-E +E 

2. Deleted Neighbourhood The set of all real numbers lying in the 
open interval (-s5t e, excluding the real number is called deleted 

E- neighbourhood of 3, where e is an arbitrary positive number, how 

ever small. 

3. Point of Accumulation A real number , which may or may not 

belong to a set of real numbers, is called a point of accumulation or cluster 

point of S, if every neighbourhood of g, however small, contains an infi-

nite number of members of S. Cluster point is also called limiting poin. 

It should be noted that a finite set of real numbers cannot have any 

cluster point. 
1.6. Sequence of numbers 

Definition : A sequence of real numbers, or a real sequence, is defined as 

a functionf:N->R, where N is the set of natural numbers and R is the 

set of real numbers. 

If f:N->R is a sequence, then for each n eN, fn) is a real number. 

It is customary to write f{n) as x So, a sequence is written as 

12 n,or, {,} 
Alternatively, we may detine a sequence in the folowing way. 

A set of real numbers X1,*2,X3.., Xn,. such that corresponding to 

every positive integer n, there exists a real number X of the set, is called 

a sequence. 
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The individual members X,x2,X3,... ** 
are 

called 
terms of the sequ 

So, x is the first term, x, is the second 
terms, x, Is the n -th term, rm of the 

ODViously, we can write all terms of a 
sequence 

it its n-th 

known. 

term is sequence 

Jnite sequence, 
otherwise, it is an infinite 

sequence. 
ln what follou 

shall be concerned with infinite sequence 
only and word intinite may nWe lT a sequence 

terminates after a finite 
number 

of terms, it is cai 

infinite may We 
not be 

used always. 

Examples 

1. 3,5,7,9,11 is a finite sequence 

2 -1,49,16,.., 
is an infinite sequence 

.is an infinite sequence. 

4-1"={-1,1,-1.1. is an infinite sequence 

5.1+(-1)"= {0,2.0,2,.. is an infinite sequence. 

6. A sequence ,} may also be defined by a recurrence relation vi 

n+V2.x,, X = 

Here, the terms of the sequence are: 1, 2, /2/25, 

7. If {,= secTn, thenxdoes not give a sequence, for , is 

not defined when n is the square of an odd integer. 

We note that the terms of a sequence may be all distinct as in examples 

1,2,3 and 6 above, or the terms may be repeating as in examples 4 and 5, 

The set of all the distinct elements of a sequence is called the range set 

of the given sequence. 

The range set of the sequences is examples 1,3 and 5 are 

i)35,7,9,11, ) {2 and {0,2, respectively. 

Thus it follows that the range set of a sequence may be finite or 

nite, even if the sequence has an infinite number of elements. 
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1.7. Bounds of a Sequence Bounded Sequence 
A sequence {x,} is said to be bounded above, if there exists a real number 

K such that , SK, for all n EN 

Sequence. 

erm of the 

Here K is called an upper bound of the sequence xn} 

Alternatively, given a sequence x,, if there exists a real number K 

h term is 

s called a such that R is greater than or equal to any element x, of the sequence, 1.e. 

K2 x Where x, is any element of {x,, then the sequence xn} is said 

to be bounded above, K being called the rough upper bound. 

llows, we 
ay not be 

Obviously, a sequence may have a number of rough upper bounds. Opf 

all the upper bounds, the least one is called the exact upper bound ot the 

sequence. 

If R is an exact upper bound of the sequence x, then there exists at 

least one element xp of the sequence, such that Xp >K-¬, where e is a 

pre-assigned positive number, however small. 

Similarly, given a sequence {x,}, if there exists a number k, which is 

less than or equal to any member of the sequence, i.e, ifk Sxy, for all n. 

then the sequence {,} is said be bounded below, k being called the rough 

lower bound. 

A sequence may have more than one rough lower bound, of all the 

rough lower bounds, the greatest one is called the exact lower boumd. 

Ifk is the exact lower bound of a sequence {x,}, then there exists at 

least one member of {x,}, such that X k+ e, where e is a preas- 

signed positive number, however small. 

If a sequence is bounded both above and below, it is called a böunded 

ation viz 

for x 1s 

sequence. 

Examples: examples 
4 and 5. 1. The sequence fn+ 1}={2,3,4,.. is bounded below, the lower bound 
range set being 2, but not bounded above. 

4 5 6 is bounded above, the upper 2. The sequence 

bound being 2 

3. The sequence(-1"={-1,1,-1,1,..} is bounded, since 1 Sx, S1, 
e or infi- 

for all n eN. 


