
2.7.Groups. 

A non-empty set G 

composition o, if 

i) G is closed under the composition o, (4,) 

G is said to form a group with respect to a binary 

(i) 

(ii) o is associative, 

siil there exists an element e in G such that eoa = aoe = a for all a 

in G, 
(iv) for each element a in G, there exists an element a' in G such that 

a'oa = aoa' = e. 

The group is denoted by the symbol (G, o). 

The element e is said to be an identity element in the group. We shall 
prove that there is only one such element in the group and therefore e 

will be said to be the identity element. 

The element a' is said to be an inverse of a. We shall prove that each 

element a has only one inverse and therefore a' will be said to be the 

inverse ofa. 
Definition. A group (G, o) is said to be a commutative group or an 

abelian group (after the name of Norwegian mathematician N. Abel ) if 
o is commutative. 

Theorem 2.7.1. A group (G,o) contains only one identity element. 

Proof. Let e, f be two identity elements in the group. 
Then eoa = aoe = a and foa = aof a for all a in G. 

We have eof = f, by the property of e; 

and also eof = e, by the property of f. 

Therefore e = f and this proves uniqueness of identity element. 

Note. The identity element in (G, o) is denoted by eg. 

Theoremr2.7.2. In a group (G, o) each element has only one inverse. 

Proof. Let a EG and a', a" be two inverses of a. 
Then a'oa = aoa = e, a"oa = aoa" = e, e being the identity element. 

We have a'o(aoa") = (a'oa)oa'", since o is associative. 
But a'o(aoa") = a'oe = a' and (a'oa)oa'" = eoa" =a". 

Therefore a' = a" and this proves that the inverse of a is unique. 

and will be denoted by a. 

Note. The inverse of a is denoted by a. Therefore for each a in G, 
2oa = a-1oa = e holds. 
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Theorem 2.7.3. In a group (G, o), 

(i) aod = aoc implies b=c (left 
cancellation law); 

(ii) boa = coa implies b=c (right 
cancellation law) (right cancellation law) 

for all a, b, cE G. 

Proof. (i) Since a e G,ae G. 

aob= aoc 
aolaob) = a'o(aoc) 

(a-oa)ob = (a oa)oc, since o 1s associative 

eob= coc, e being the identity element 

o is associative

b= C. 

(boa)oa= (coa)oa-1

bolaoa) = co(aoa), since o is associa 

boa = coa, e being the identity element 

b= C. 

(t) boa = coa 

Theorem 2.7.4. In a group (G, o), for all a, b in G, each of the equ= 

aor = b and yoa = b has a unique solution in G. 

Proof. Since a, b ¬ G,aob e G. 

We have ao(a ob)= (aoaJob, since o is associative 

eço = b. 

This shows that a"ob is a solution of the equation aor = b. WE 

prove that this solution is unique. 

Let there be two solutions 1, T in G of the equation aoz = b. 

aor = aor2 and by Theorem 2.7.3 this implies ci t2. 

Again, boaeG. And (boa-l )oa = bo(aoa) =b. 

This shows that boa is a solution of the equation yoa = b- 

uniqueness ofAhe solution follows from the Theorem 2.7.3. 

Theoren 2.7.5. In a group (C, o), (aob)"l = b-loa-l for all a,b 

Proof. Let a,be G. Then a1,b-1, aob, b-loa-1 all belong to G. 

Now (8oa)o(aob) = [bo(a-'oa)]ob, since o 15 & 

=(6oec)ob = b-lob = eG 

Also, (aob)o(boa) = lao(bob-l)Joa-1, since o 15 

We have (b-loa-l)ofaob) = (aob)o(boa)= eG. 
(aoeg oa= aoa = ec 

It follows that b-'oa-l is the inverse of aob. That is, (aou 

b-oa 



Examples. 

Ke set Z forms a commutative group with respect to addition. 

(i Let a, b E Z. Then at+b E Z. Therefore, Z is closed under addition. 

) Addition is associative on the set IR.Z being a subset of R, addition 

is 
associative on Z. 

(ii) 0 E Z and 0 +a =a+0==a for all a in Z. Therefore, 0 is the 
identity element. 

(iv Let a ¬ Z. Then -a E Z. - a is the inverse of a, since -a +a = 

a+(-a) =0. 

(v) Addition is commutative on R . Z being a subset of R, addition 

is commutative on 2. 

Therefore (Z,+) is a commutative group. 

2:/Q,+) is a commutative group. 

3.(R, +) is a commutative group. 

4.C, +) is a commutative group. 

5/Let m be a positive integer. Then mZ denotes the set of all integral 

multiples of m. mh={0, tm,E2m,+3m,... 
For example, 22 = {0,t2, +4, t6,... 

3Z = {0,+3, t6, +9, 

Sha 

We prove that (2Z, +) is a commutative group. 

(Let a,b e 22.Then a = 2p,b = 24, for some p, q E Z. 

Thereforea+b=2(p + q) E 2Z, since p +q E Z. 
T 

This shows that the set 2Z is closed under +. 

ii) Addition is associative on Z and 22 is a subset of Z. Therefore 
E addition is associative on 2. 

(ii) 0 e 2Z and 0 +a = a +0 = a for all a E 22. Therefore 0 is the 

ocit 1dentity element. 

(iv) Let ae 2Z. Then -a E 2Z and (-a) +a = a +(-a) = 0. 
Therefore -a is the inverse of a. 

SOC 

(Addition is a commutative binary composition on Z. 22. being a 

Subset of Z, addition is commutative on 22. 

Therefore (2Z2, +) is a commutative group. 

mZ,+) is a commutative group, m being a positive integer. 

AA-6 
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(Z,.) ise 
commutative 

monoid, 
I being 

the identity 
elo. 

inverse 
of no 

element 
other 

than I and 
-1 in Z exists in z 

e identity eleme 

7. (Z,.) is not a group. 
ent. 

(Q..) is a 

commutative 

monoid, 
I being 

the identity eler 

inverse of 0 does not 
exist inQ 

8. (Q..) is not a group. 

(R..) is a 

commutative 

monoid, 
I being 

the identity elem 

inverse of 0 does not 
exist in R. 

9. (R,.) is not a group. nent. 

10. (C..) is not a group. 

11. Let Q' = Q- {0. The set 1orms 
a 

commutative group 

respect to multiplication. 

ou 

1 is the identity 
element and the inverse of an 

element a in O: 

in Q. 

12. (R*,.) and (C',.) are 
commutative 

groups. 

13,Let M2 (R) be the set of all 2 x 2 matrices 
whose elements are 

numbers. We prove that the set M2(R) forms a 
commutative groupr 

respect to 'matrix addition (+)'. 

(i) Let A, Be M2(R). Then A + BE M2(R). 

Therefore the set M (R) is closed under +. 

(ii) Matrix addition is associative on M2(R). 

(ii) The null matrix Oz E M2(R) and O2+ A = A+O2 = A for 

A in M2(R). Therefore O2 is the identity element. 

(iv) Let A e M2(R). Then -A e M2 (R) and(-A)+A= A+(-4 

O2. Therefore -A is the inverse of A. 

(v) Matrix addition is commutative on M2 (R). 

Hence (M2(R), +) is a commutative group. 

14/The set M2(R) does not form a group under matrix multiplicat. 

(M2(R),.) is a monoid, I2 being the identity element. 

Let A be a singular matrix in M2(R). Then there does not 
matrix B in M2 (R) such that A.B = B.A = I2. Therefore A na* 

exis 

inverse. 

Therefore (M2(R),.) is not a group. 
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et S be the set of all 2 x 2 non-singular matrices whose elements 

are real 
numbers. S is a proper subset of M2(R). 

We prove that Te that S forms a non-commutative group under matrix mul 

tiplication. 

Let A, B S. Then det A #0, det B# 0. 

det (AB) = det A.det B #0 and this implies AB E S. 

Therefore 

) Matrix multiplication is associative on S. 

) Ia e S since det l2 #0. And I2.A = A.l2 = A for all A in S. 

Therefore I2 is the identity element. 

Civ) Let A E S. Then det A # 0 and hence Al is a 2 x 2 matrix. 

det A-l= 1/ det A #0. Theretfore A-1 e S, a 

Therefore S is closed under matrix multiplication. 

Therefore (S,.) is a group. 

This group is a non-commutative group because, for two arbitrary 
matrices A, B E S, A.B # B.A, in general. 

This group is called the general linear group of degree 2 over R and 

is denoted by GL(2, R). 
Similarly, the group GL(n, R) is the group of all non-singular n xn 

real matrices under matrix multiplication. 

Theorem 2.6. Let (G, o) be a semigroup and for any two elements 
,b in G, each of the equations aor = b and yoa = b has a solution in G. 

Then (G,o) is a group. o?,. 
Proof. Since (G,o) is semigroup, G is closed with respect to o and o is 

associative. 
Let e be an element in G satisfying the equation aor = a and e be 

an element in G satisfying the equation yoa = a. 

Then aoe = a, e'oa =a. 

Let c be an element in G and p be a solution in G of the equation 

a0T=C and q be a solution in G of the equation yoa = c. 

Then aop = C, qoa == C. 

Now coe = (qoa)oe 
go(aoe), since o is associative 

goa= c. 
ince c is arbitrary, aoe = a for all a in G Sinc () 


